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Abstract. We completely describe the higher secant dimensions of all con- 
nected homogeneous projective varieties of dimension at most 3, in all possible 
equivariant embeddings. In particular, we calculate these dimensions for all 
Segre- Veronese embeddings of P-"- X P^, P-' X P-"- X P-"-, and P^ X P-*-, as well as 
for the variety T of incident point- line pairs in P^. For P^ X P^ and T the 
results are new, while the proofs for the other two varieties are more compact 
than existing proofs. Our main tool is the second author's tropical approach 
to secant dimensions. 



< 

• 1. Introduction and results 

Let K be an algebraically closed field of characteristic 0; all varieties appearing 
here will be over K. Let G be a connected afliine algebraic group, and let X be 
I ^ I a projective variety on which G acts transitively. An equivariant embedding of X 

is by definition a G-equivariant injective morphisni l : X ^ V(V), where is a 
finite-dimensional (rational) G-module, subject to the additional constraint that 
1^ i{X) spans P(l/). The fc-th (higher) secant variety kb^X) of i{X) is the closure 

in P{V) of the union of all subspaces of P(V^) spanned by k points on i.{X). The 
\^ expected dimension of ki^X) is min{/c(diniX -f 1) — l,dimV^ — 1}; this is always 

T-H an upper bound on dunkL^X). We call kb{X) non-defective if it has the expected 

dimension, and defective otherwise. We call l non-defective if fct(X) is non-defective 
for all fc, and defective otherwise, 
r ■ We want to compute the secant dimensions of l{X) for all X of dimension at 

most 3 and all l. This statement really concerns only finitely many pairs (G,X): 
^ Indeed, as X is projective and G-homogeneous, the stabiliser of any point in X is 

parabolic (see [2, §11]) and therefore contains the solvable radical R of G. But then 
R also acts trivially on the span of i{X), which is P(l^), so that we may replace G 
by the quotient G/R, which is semisimple. In addition, we may and will assume 
that G is simply connected. Now V is an irreducible G-module, and l{X) is the 
unique closed orbit of G in W , the cone over which in V is also known as the cone 
of highest weight vectors. Conversely, recall that for two dominant weights A and 
A' the minimal orbits in the corresponding projective spaces PV^(A) and PV{X') are 
isomorphic (as G- varieties) if and only if A and A' have the same support on the 
basis of fundamental weights. So, to prove that all equivariant embeddings of a 
fixed X are non-degenerate, we have to consider all possible dominant weights with 
a fixed support. 
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Now there are precisely seven pairs {G,X) with dimX < 3, namely (SLj, (P^)*) 
fori = 1,2,3, (SL3,P2), (SL3xSL2,p2xpi), (SL4,p3), and (SLs,^), where is the 
variety of flags p C I with p, I a point and a line in P^ , respectively. The equivariant 
embeddings of P* for i = 1,2,3 are the Veronese embeddings; their higher secant 
dimensions — and indeed, all higher secant dimensions of Veronese embeddings of 
projective spaces of arbitrary dimensions — are known from the work of Alexander 
and Hirschowitz [T]. In low dimensions there also exist tropical proofs for these 
results: P^ and P^ were given as examples in [5], and for P^^ see the Master's thesis 
of Silvia Brannetti [3]. The other varieties are covered by the following theorems. 

First, the equivariant embeddings of P^ x P^ are the Segre- Veronese embeddings, 
parametrised by the degree (rf, e) (corresponding to the highest weight duji + ew2 
where the uji are the fundamental weights), where we may assume d > e. The 
following theorem is known in the literature; see for instance [4, Theorem 2.1] and 
the references there. Our proof is rather short and transparent, and serves as a 
good introduction to the more complicated proofs of the remaining theorems. 

Theorem 1.1. The Segre- Veronese embedding of x P^ of degree {d,e) with 
d> e> I is non-defective unless e = 2 and d is even, in which case the {d-\- l)-st 
secant variety has codimension 1 rather than the expected 0. 

The equivariant embeddings of P^ x P^ x P^ and of P^ x P^ are also Segre- Veronese 
embeddings. While writing this paper we found out that the following theorem has 
already been proved in [5J. We include our proof because we need its building 
blocks for the other 3-dimensional varieties. 

Theorem 1.2. The Segre-Veronese embedding of x P-'^ x P^ of degree {d,e,f) 
with d > e > f > I is non-defective unless 

(1) e — f — 1 and d is even, in which case the (d + l)-st secant variety has 
codimension 1 rather than the expected 0, or 

(2) d ^ e ^ f — 2, in which case the 7-th secant variety has codimension 1 
instead of the expected 0. 

Theorem 1.3. The Segre-Veronese embedding of V'^ x P^ of degree (d, e) with 
d,e > I is non-defective unless 

(1) d ~ 2 and e = 2k is even, in which case the (3k + l)-st secant variety has 
codimension 3 rather than the expected 2 and the {Sk-\-2)-nd secant variety 
has codimension 1 rather than 0; or 

(2) d = 3 and e — I, in which case the 5-th secant variety has codimension 1 
rather than the expected 0. 

Finally, the equivariant embeddings of J- are the minimal orbits in W for any 
irreducible SLa-representation of highest weight duJi + euj2- 

Theorem 1.4. The image of T in W , for V an irreducible Sl^^-representation of 
highest weight duJi + euj2 with d,e > I is non-defective unless 

(1) d = e = 1, in which the 2nd secant variety has codimension 1 rather than 
0, or 

(2) d = e — 2, in which the 7th secant variety has codimension 1 rather than 0. 



To the best of our knowledge Theorems 1 1 . 3| and 1 1 .4| are new. Moreover, T seems 
to be the first settled case where maximal tori in G do not have dense orbits. Our 
proofs of Theorems 1 1 . 1 1 and 1.2 are more compact than their original proofs [HIS]. 
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Figure 1. The embedding Seg 0(113 x V2) of x is non-defective. 

Moreover, the planar proof of Theorem |1.1| serves as a good introduction to the 
more comphcated induction in the three-dimensional cases, while parts of the proof 
of Theorem 1 1 . 2 1 are used as building blocks in the remaining proofs. 

We will prove our theorems using a polyhedral-combinatorial lower bound on 
higher secant dimensions introduced by the second author in 8 . Roughly this goes 
as follows: to a given X and V we associate a finite set B of points in M'^'™'^, 
which parametrises a certain basis in V. Now to find a lower bound on dim kX we 
maximise 

k 

^[l + dimAffKWin,(/)] 

i=l 

over all fc-tuples / = (/i ,...,/„) of affine-linear functions on R''™ ■'^ , where Win^ (/) 
is the set of points in B where fi is strictly smaller than all fj with j ^ i, and 
where AffR denotes taking the affine span. Typically, this maximum equals 1 plus 
the expected dimension of dim kL{X), and then we are done. If not, then we need 
other methods to prove that kL{X) is indeed defective — but most defective cases 
above are known in the literature. 

This optimisation problem may sound somewhat far-fetched, so as a motivation 
we now carry out our proof in one particular case: For the Segre- Veronese embed- 
ding of X = Pi X Pi of degree (d, e) the set B is the grid {0, . . . , d} x {0, . . . , e} C 
Take for instance d = 3 and e = 2. In Figure [T] the points in B are grouped into 
four triples spanning the plane. It is easy to see — see Lemma [2^ below — that there 
exist affine-linear /i , . . . , /4 inducing this partition, so that AX has the expected 
dimension 4 • 3 — 1 = 1 1 . 

Our tropical approach is conceptually very simple, and closely related to Sturmfels- 
SuUivant's combinatorial secant varieties [10], Miranda-Dumitrescu's degeneration 
approach (private communication), and Develin's tropical secant varieties of linear 
spaces [7|. What we find very surprising and promising is that strong results on 
secant varieties of non-toric varieties such as J-^ can be proved with our approach. 

The remainder of this paper is organised as follows. In Section |2] we recall the 
tropical approach, and prove a lemma that will help us deal with the flag variety. 
The tropical approach depends rather heavily on a parameterisation of X, and in 
Section |3] we introduce the polynomial maps that we will use. In particular, we 
give, for any minimal orbit (not necessarily of low dimension, and not necessarily 
toric), a polynomial paramaterisation whose tropicalisation has an image of the 
right dimension; these tropical parameterisations are useful in studying tropicali- 
sations of minimal orbits; see Remark |3. 3 [ Finally, Sections |4]-[7] contain the proofs 
of Theorems |l.lf|1.4[ respectively. 
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2. The tropical approach 

2.1. Two optimisation problems. We recall from [8J a polyhedral-combinatorial 
optimisation problem that plays a crucial role in the proofs of our theorems; here 
AP abbreviates Ajjine Partition. 

Problem 2.1 {AP{A, k)). Let A = {Ai, . . . , An) be a sequence of finite subsets of 
M™ and let fc £ N. For any k-tuple f = (/i, . . . , fk) of affine-linear functions on 
M™ let the sets Wini(/), i = 1, . . . , fc be defined as follows. For b = 1, . . . , n we 
say that fi wins b if fi attains its minimum on Ai, in a unique a € Af,, and if 
this minimum is strictly smaller than all values of all fj,j ^ i on Aj,. The vector 
a is then called a winning direction of fi. Let Wini(/) denote the set of winning 
directions of fi. 

Maximise ^^^Jl+dim AffR Winj(/)] over all k-tuples f of affine-linear func- 
tions on M™; call the maximum AP*(A, fc). 

Note that if every Ai, is a singleton {at}, then Wini(/) is just the set of 
all ttft on which fi is smaller than all other fj,j ^ i. We will then also write 
AP({q!i, . . . , an}, k) for the optimisation problem above. In this case we are really 
optimising over all possible regular subdivisions of M™ into k open cells. Each such 
subdivision induces a partition of the ab into the sets Wini(/) (at least if no at 
lies on a border between two cells, but this is easy to achieve without decreas- 
ing the objective function). As it is sometimes hard to imagine the existence of 
affine-linear functions inducing a certain regular subdivision of space, we have the 
following observation, due to Immanuel Halupczok and the second author. 

Lemma 2.2. Let S be a finite set in M™, let fi, . . . , fk be affine-linear functions 
on K™, and let gi, . . . , gi also be affine-linear functions on M™. Let Si be the subset 
of S where fi < fj for all j ^ i, and let Ti be the subset of Si where gi < gj for all 
j 7^ i. Then there exist affine-linear functions hi,. . . ,hi such that 

(1) hi < hj on Ti for — I, . . . ,1 and j ^ i; 

(2) hi < fj on Ti for i = I, . . . ,1 and 7 = 2,..., k; and 

(3) fi < hj on Si for i = 2, . . . ,k and j = 1, . . . ,1. 

In other words, the functions hi, . . . ,hi, f2, ■ . . , fk together induce the partition 
Ti, . . . ,Ti, S2, ■ . ■ , Sk of S. 

Proof. Take hi = fi + egi for e positive and sufficiently small. □ 

This lemma implies, for instance, that one may find appropriate Wini(/) (still 
for the case of singletons A^) by repeatedly cutting polyhedral pieces of space in 
half. For instance, in Figure [T] the plane is cut into four pieces by three straight 
cuts. Although this is not a regular subdivision of the plane, by the lemma there 
does exist a regular subdivision of the plane inducing the same partition on the 12 
points. 

Lemma [2?2| can only immediately be applied to AP if the Ai, are singletons, while 
the At in our application to the 3-dimensional flag variety are not. We get around 
this difficulty by giving a lower bound on AP*(A,k) for more general A in terms 
of AP*{A' , k) for some sequence A' of singletons. In the following lemmas a convex 
polyhedral cone in M"* is by deflnition the set of nonnegative linear combinations of a 
finite set in M™, and it is called strictly convex if it does not contain any non-trivial 
linear subspace of K™. 
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Lemma 2.3. Let A = ({ai}, . . . , {an}) be an n-tuple of singleton subsets o/M™. 
Furthermore, let k G N, let Z be a strictly convex polyhedral cone in M™, and let f 
be a k-tuple of affine-linear functions on M™. Then the value of AP^A, k) at f is 
also attained at some /' = (/(,..., fjj for which every is strictly decreasing in 
the z-direction, for every z £ Z \ {0}. 

Proof. By the strict convexity of Z, there exists a Hnear function /o on M™ such 
that every fj + /q is strictly decreasing in the z-direction, for every z Cz Z . But 
since 

< fj{a) f,{a) + fo{a) < fj{a) + /o(a) 
we have Wini((/j + fo)j) = Wini(/) for all i, and we are done. □ 

It is crucial in this proof that only values of fi and fj at the same a are 
compared — that is why we have restricted ourselves to singleton-AP here. 

Lemma 2.4. Let A = {Ai, . . . , An) be a k-tuple of finite subsets o/ M™ and let 
fc G N. Furthermore, let Z be a strictly convex polyhedral cone in M™ and define a 
partial order < on M™ by 

p < q p — q E Z. 

Suppose that for every b. Ah has a unique minimal element at with respect to this 
order. Then we have 

AP*(A,fc) > AP*({ai,...,a„},fc) 



Proof. Let d* = AP*({q;i, . . . k). By Lemma 2.3 there exists a fc-tuple / — 
{fi, ■ ■ ■ , fk) of affine-linear functions on M™ for which AP({ai, . . . , a„}, fc) also has 
value d* and for which every fi is strictly decreasing in all directions in Z. We claim 
that the value of AP{A, k) at this / is also d* . Indeed, fix 6 G -B and consider all 
/i(a) with a € Ab and i = 1, . . . , fc. Because Ub — a G Z for all a G A^ and because 
every fi is strictly decreasing in the directions in Z, we have fi{ab) < fi{a) for all 
a G Ab \ {cib} and all i. Hence the minimum, over all pairs (i, a) G {1, . . . , fc} x Ab, 
of fiioi) can only be attained in pairs for which a — ab. Therefore, in computing 
the value at / of AP(A, fc) the elements of Ab unequal to ab can be ignored. We 
conclude that AP(A, fc) has value d* at /, as claimed. This shows the inequality. □ 

2.2. Tropical bounds on secant dimensions. Rather than working with pro- 
jective varieties, we work with the afhne cones over them. So suppose that C C K"^ 
is a closed cone (i.e., closed under scalar multiplication with K), and set 



kC := {vi + . . . + Vk \ vi, . . . ,Vk e C} . 

Suppose that C is unirational, and choose a polynomial map / — (/i,...,/n) : 
ii-™ _^ C C if" that maps if™ dominantly into C. Let x ^ (x,)^i and y = {yb)b=i 
be the standard coordinates on if™ and if". The tropical approach depends very 
much on coordinates; in particular, one would like / to be sparse. For every b — 
1,. . . ,n let Ab be the set of a G N™ for which the monomial x" has a non-zero 
coefficient in fb, and set A := {Ai, . . . , A„). 

Theorem 2.5 ([8 ). For all fc G N, dimfcC > AP*{A,k). 

Remark 2.6. In fact, in [8| this is proved provided that IJ^ is contained in an 
affine hyperplane not through 0, but this can always be achieved by taking a new 
map f'{t, x) := tf{x) into C, without changing the optimisation problem AP{A, fc). 
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Figure 2. Types 1 (left) and 2 (right). 

In Section |3] we introduce a polynomial map / for general minimal orbits that 
seems suitable for the tropical approach, and after that we specialise to low- 
dimensional varieties under consideration. 

2.3. Non-defective pictures. Our proofs will be entirely pictorial: given a set B 
of lattice points in 7? or Z"^ according as dimX = 2 or dimX = 3, we solve the 
optimisation problem AP{B, k) for all k. To this end, we will exhibit a partition of 
B into parts Bi such that there exist affine-linear functions fi on or M.^, exactly 
one for each part, with Bi = Wini(/). If each Bi is affinely independent, and if 
moreover the affine span of each B^ has dim X, except possibly for one single Bi, 
then we call the picture non- defective, as it shows, by Theorem |2.5| that all secant 
varieties of X in the given embedding have the expected dimension. 

The full-dimensional Bi that we will use will have very simple shapes: in di- 
mension 2 they will all be equivalent, up to integral translations and rotations over 
multiples of tt/2, to the triple {0,61,62}. In dimension 3 they will almost all be 
equivalent to either {0, ei, 62, 63} (type 1) or {ei, 0, 62, 62 -I- 63} (type 2), up to Eu- 
clidean transformations preserving the lattice; see Figure [2] Only in case of the 
flag- variety we will occasionally use more general pictures. 

The fi will not be explicitly computed. Indee d, in all cases their existence follows 
from a tedious but easy application of Lemma |2.2[ one can repeatedly cut or 
M.^ into pieces by affine hyperplanes, such that eventually the desired partition of 
B into the Bi is attained. For instance, in Figure [T] three cuts, labelled 1,2,3 
consecutively, give the desired partition of the twelve points. 

3. A POLYNOMIAL MAP 

We retain the setting of the Introduction: G is a simply connected, connected, 
semisimple algebraic group, 1^ is a G-module, and we wish to determine the secant 
dimensions of X, the unique closed orbit of G in W. Let C be the afline cone in 
V over X. Fix a Borel subgroup B of G, let T be a maximal torus of B and let 
v\ G V span the unique i3-stable one-dimensional subspace of V; A denotes the 
T-weight of v\, i.e., the highest weight of V. Let P I) B he the stabiliser in G of 
Kv\ (so that X = G/P as a G- variety) and let U be the unipotent radical of the 
parabolic subgroup opposite to P and containing T. Let u denote the Lie algebra 
of U-, let X{u) be the set of T-roots on u, and set X{u) := X(u) U {0}. For every 
(3 e -'^(u) choose a vector spanning the root space u^g. Moreover, fix an order 
on X(u). Then it is well-known that the polynomial map 

/3ex(u) 

where the product is taken in the fixed order, maps dominantly into G. This map 
will play the role of / from Subsection |2.2| 

In what follows we will need the following notation: Let :— M §5z X{T) be 
the real vector space spanned by the character group of T, let ^ : M'^^") X^ send 
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r to ^i^rpP and also use ^ for the map M"^(") with the same definition; in 

both cases we call ^(r) the weight of r. 

Now for a basis of V: by the PBW-theorem, V is the linear span of all elements 
of the form rrir '■= Y\f5£X{u) ■^J3'^>' with r g the product is taken in the same 

fixed order as before. Slightly inaccurately, we will call the nir PBW-monomials. 
Note that the T- weight of is A + ^(r). Let M be the subset of all r G N^(") for 
which rrir is non-zero; M is finite. Let S be a subset of M such that {rrij. \ r e B} 
is a basis of V; later on we will add further restrictions on B. For 6 e i? let ^E't 
be the component of corresponding to 6; it equals to times a polynomial in the 
tff, (3 G -^(u). Let Ab C denote the set of exponent vectors of monomials 

having a non-zero coefficient in V^b/to- 

Lemma 3.1. For bo E B 

(1) Ab„ C{re M I e(r) = e(&o)}, and 

(2) At„nB = {bo}. 

Proof. Expand ^'(<)/to as a linear combination of PBW-monomials: 

r 

ilf3eX(n)\ 



So i'' appears in "^ba/to if and only if has a non-zero rn^o "Coefficient relative 
to the basis {nib)beB- Hence the first statement follows from the fact that every 
rrir is a linear combination of the uib of the same T- weight as m^, and the second 
statement reflects the fact that for all hi G B, rub^ has precisely one non-zero 
coefficient relative to the basis {mb)beB, namely that of mb^- □ 



Now Theorem 2.5 implies the following proposition. 



Proposition 3.2. dimfcC > KP* {{Ab)beB,k) 

For Segre products of Veronese embeddings every Ab is a singleton, and we can 
use our hyperplane-cutting procedure immediately. For the flag variety T we will 



use Lemma 2.4 to bound AP by a singleton- AP 



Remark 3.3. To see that Proposition |3.2| has a chance of being useful, it is in- 
structive to verify that AP*((Af,)f,gB, 1) is, indeed, dimC, at least for some choices 
of B. Indeed, recall that |-'f(u)| -I- 1 vectors v\ and Xf3V\,P G ^i'u) are Hnearly 
independent, so that we can take B to contain the corresponding exponent vectors, 
that is, and the standard basis vectors ep in M'^'-"-'. Now let /i : — > M send 
r to J2pex(u) ^l3- claim that AP{{Ab)beB, k) has value dimC at (/i). Indeed, 
Aq = {0} and for every 5 G B of the form e^,/? G -^(u) the set Ab consists of ep 
itself, with /i-value 1, and exponent vectors having a /i-value a natural number 
> 1. Hence Wini(/i) contains all and — and therefore spans an affine space of 
dimension dimC — 1 = dvcsiX. 

This observation is of some independent interest for tropical geometry: going 
through the theory in [8] , it shows that the image of the tropicalisation of ^ in the 
tropicalisation of C has the right dimension; this is useful in minimal orbits such 
as Grassmannians. 
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4. Secant dimensions of x 

We retain the notation of Section H] To prove Theorem [TTJ let X = P^ x P\ 
G = SL2 X SL2, and V = S'^{K'^) (g) S%K^). The polynomial map 

is dominant into the cone C over X, and M — B is the rectangular grid {0, . . . ,d}x 
{0, . . . , e}. We may assume that d> e. 

First, if e — 2 and d is even, then {d + 1)C is known to be defective, that is, it 
does not fill V but is given by some determinantal equation; see [SJ Example 3.2]. 
The argument below will show that its defect is not more than 1. 

Figure |3] gives non-defective pictures for e — 1,2,3,4,5 and d > e, except for 
e = 2 and d even. This implies, by transposing pictures, that there exist non- 
defective pictures for e = 6 and d = 1,3,4,5. Figure [3(p)] gives a non-defective 
picture for (d, e) = (6,6). Then, using the two induction steps in Figure [3(q)| we 
find non-defective pictures for e = 6 and all d 7^ 2. A similar reasoning gives non- 
defective pictures for e = 8 and all c? 7^ 2. Finally, let d > e > 6 be arbitrary with 
(d, e) ^ 2N X {2}. Write e + I ^ 6q + r with r e {0, 2, 4, 5, 7, 9}. Then we find a 
non-defective picture for (d, e) by gluing q non-defective pictures for (d, 5) and, if 
r 7^ 0, one non-defective picture for (d, r — 1) on top of each other. This proves 
Theorem 
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(a) 

(d,e): 
(1,1) 



(b) 

(d,e) = 
(2,1) 



(e) 

(d,e) 

(2,2) 



I iSl 

(c) (d,e) = 
(3,1) 

(f) (d,e) = 
(3,2) 



J 

L J 

(h) (d,e) = 
(3,3) 



(i) (d,e) = (4,3) (j) (d,e) = (5,3) 

r r 

LH I 

(1) (d,e) = 
(3,4) 



U I 



(d) e = 1; induc- 
tion 



□ 



(g) e = 2; in- 
duction 



rj 
rj 

(k) e = 3; induction 

rj n 
I — Li 

(m) 

(<i,e) = (4,4) 



+2 d=0 mod 3 +2 d=2 mod 3 +2 

(n) e = 4, induction 



+2 +3 

(o) e = 5; induction 



LP 
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r n 
r u 
p 



Li z: Li 
r Li L 

L J 

(p) (d,e) = (6,6) 

I 1 " 

-U 1-1 I . 

d=0 mod 3 +4 d=2 mod 3 

(q) e = 6; induction 

r L. 

Li l-h 



L^ ^ 



(r) e = 8; induction 



Figure 3. More non-defective pictures for x P^. 
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(a) (1,1,1) (b) (2,1,1) (c) induction for (*, 1, 1) (d) (2,2,1) 




(h) induction for (*, 2, 1) 



Figure 4. Non-defective pictures for (e, /) = (1, 1) or (2, 1) 




(a) (3,3,1) (b) induction for (*, 3, 1) (c) (4,4,1) 




(d) induction for (*,4,1) 



Figure 5. Non-defective pictures for (>i=,3, 1) and (*,4, 1). 



5. Secant dimensions of x x P^ 

Now we turn to Theorem |1.2[ Cutting to the chase, M = i? is the block 
{0, . . . , c?} X {0, . . . , e} X {0, . . . , /}. When convenient, we assume that d > e > f. 
First, for e = f — I and d even, the d+ 1-st secant variety, which one would expect 
to fill the space, is in fact known to be defective, see [5]. The pictures below will 
show that the defect is not more than 1. 

Figure [i] gives inductive constructions for pictures for (e, /) € {(1, 1), (2, 1)} that 
are non-defective except for (e, /) = (1, 1) and d even. The grey shades serve no 
other purpose than to distinguish between front and behind. 
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(a) (2,2,2) 



(b) (3,2,2) 



(c) (4,2,2) 



'. — % 



-5» 



. — ^ 



(d) (4,4,2) 



Figure 6. Non-defective pictures for some (*,*,2). 



Rotating appropriately, this also gives non-defective pictures for (1,3,1) and 

(2.3.1) ; Figure [5(b)] then gives an inductive construction of non-defective pictures 
for (d,3,l) for d > 3. 

So far we have found non-defective pictures for (2,4, 1) and (3,4, 1) (just rotate 
those for (4, 2, 1) and (4, 3, 1)). Figure [5(0) gives a non-defective picture for (4, 4, 1). 
A non-defective picture for (5, 4, 1) can be constructed from a non-defective picture 
for (5,1,1) and one for (5, 2, 1) . Now let d > 6 and write d+1 = Aq + r with g > 
and r £ {3,4,5,6}. Then using q copies of our non-defective picture for (3,4, 1) 
and 1 copy of our non-defective picture for (r — 1, 4, 1), we can build a non-defective 
picture for (d, 4, 1); see Figure [5(d) [ for this inductive procedure. 

We already have non-defective pictures for (1, 5, 1) and (2, 5, 1). For d> 3, write 
d + 1 — q * 2 + r with r G {2, 3}. Then a non-defective picture for {d, 5, 1) can be 
constructed from q copies of our non-defective picture for (1,5, 1) and 1 copy of our 
non-defective picture for (r — 1, 5, 1). 

Let d > e > 6 and write e+1 = q * 4 + r with r E {3,4,5,6}. Then we can 
construct a non-defective picture for (d, e, 1) by putting together q non-defective 
pictures for (d, 3,1) and 1 non-defective picture for (d, r — 1,1). This settles all 
cases of the form (d, e, 1). 

Figure [6(a) gives a nice picture for (d, e,/) — (2,2,2), The picture is defective, 
but it shows that kX has the expected dimension for k — 1 , . . . , 6 and defect at 
most 1 for k = 7. From [5] we know that 7X is, indeed, defective, so we are done. 
Figure [6 (b) [ gives a non-defective picture for (3,2,2). Similarly, Figure 6(c) gives a 
non-defective picture for (4,2,2). 

Now let d > 5 and write d-l- 1 = (3 -I- l)g -I- (r -I- 1) with r € {1,3,4,6}. Then we 
can construct a non-defective picture for (d, 2,2) from q non-defective pictures for 

(3.2.2) and one non-defective picture for (r, 2,2). This settles (d, 2,2). 
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n — \ Ti • 



1 I 



% — u *^ — *. 



*i — % n 
*^ — \ — 



V 



V 



. — % 



. — ^ 

• 



Figure 7. A non-defective picture for (4,4,4). 



For (2,3,2) and (1,3,2) we have already found non-defective pictures. For d>3 
write d + 1 ~ 2q + {r + 1) with r G {1, 2}. Then one can construct a non-defective 
picture for (d, 3,2) from q non-defective pictures for (1,3,2) and one non-defective 
picture for (r, 3,2). This settles (d, 3,2). 

If d -|- 1 is even, then we can a construct non-defective picture for (d, e, 2) with 
d > e > 2 as follows: write e + 1 = 2g + (?- + 1) with r e {1, 2}, and put together q 
non-defective pictures for (d, 1, 2) and one non-defective picture for {d, r, 2). 

Figure [6 ( d) | shows how a copy of our earlier non-defective picture for (2, 4, 2) and 
a non-defective picture for (1,4,2) can be put together to a non-defective picture 
for (4, 4, 2). Now let d > 6 be even and write d + 1 = 4(j + (r + 1) with r € {2, 4}. 
Then one can construct a non-defective picture for (d, 4, 2) from q copies of our 
non-defective picture for (3,4,2) and one non-defective picture for (r, 4,2). 

This settles (d,4,2). 

Now suppose that d > e > 5 and f — 2. Write e-fl ~ 4 * q + {r + 1) with 
r e {1,2,3,4}. Then we can construct a non-defective picture for (d, e,2) from q 
non-defective pictures for (d, 3,2) and one non-defective picture for (d, r, 2). This 
concludes the case where d > e > f — 2. 

Consider the case where d > e > f ^ 3. This case is easy now: write, for 
instance, e+1 = q * 2 + {r + 1) with r e {1,2}. Then a non-defective picture 
for (d, e, 3) can be constructed from q non-defective pictures for (d, 1,3) and one 
non-defective picture for (d, r, 3). 
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(a) Ti, 



(b) Ta,: 



(c) defective 



(d) r4.i 



Figure 8. Induction basis for (*, 1) 



The above gives (by rotating) non-defective pictures for {d, e, 4) for all d > 1 and 
e £ {1, 2, 3}. Figure [7] shows how to construct a non-defective picture for (4, 4, 4). It 
may need a bit of explanation: the upper half is a non-defective picture for (4, 4, 1), 
very close to that in Figure 5(c)j — but the superflous pair of vertices is separated. 
The lower half is a non-defective picture for (4,4,2), very close to that in Figure 
|6(d)[ By joining the lower one of the superflous vertices in the upper half with 
the triangle in the lower half, we create a non-defective picture for (4,4,4). Now 
suppose that d > e > 5 and write e + 1 = Aq + {r + 1) with r g {1, 2, 3, 4}. Then 
we find a non-defective picture for (d, e, 4) from q non-defective pictures for (d, 3, 4) 
and one non-defective picture for (d, r, 4) . 

Finally, suppose that d > e > / > 5, and write / -I- 1 — 4g -I- (r -I- 1) with 
r g {1,2,3,4}. Then a non-defective picture for {d,e,f) can be assembled from q 
non-defective pictures for (d, e,3) and one non-defective picture for (d, e,r). This 
concludes the proof of Theorem |1.3| 



6. Secant dimensions of x 

For Theorem 1 1.3 1 we first deal with the defective cases: the Segre- Veronese em- 
beddings of degree (2, even) are all defective by [ff, Example 3.2]. That the em- 
bedding of degree (3, 1) is defective can be proved using a polynomial interpola- 
tion argument, used in [4^ for proving defectiveness of other secant varieties: Split 
(3, 1) = (2, 0) -f (1, 1). Now it is easy to see that given 5 general points there exist 
non-zero forms /i,/2 of multi-degrees (2,0) and (1, 1), respectively, that vanish on 
those points. But then the product /1/2 vanishes on those points together with all 
its first-order derivatives; hence the 5-th secant variety does not fill the space. The 
proof below shows that its codimension is not more than 1 . 

For the non-defective proofs we have to solve the optimisation problems AP{B, k), 
where 

B — {{x, y,z)£'Z^\x,y,z>0,x + y<d, and z < e}. 

We will do a double induction over the degrees e and d: First, in Subsections |6.1j — 
|6.4| we treat the cases where e is fixed to 1,2, 3, 4, respectively, by induction over d. 
Then, in Subsection |6.5| we perform the induction over e. We will always think of 
the X-axis as pointing towards the reader, the y-axis as pointing to the right and the 
z-axis as the vertical axis. By T^^e we will mean a picture (non-defective, if possible) 
for (d, e). We will also use (non-defective) pictures from Sectionjsjas building blocks; 
we denote the picture for the Segre- Veronese embedding of P^ x P^ x P^ by of degree 
(a, 6,c) by Ba,b,c- 
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6.1. The cases where e = 1. Figures 8(a) -8(d) give pictures for (d, 1) with d = 
1, . . . ,4. Now we explain how to construct a non-defective picture for {d + 4, 1) 
from a non-defective picture for (d, 1): First translate T^^i four steps to the right, 
and then proceed as follows: 

(1) If (i + 1 is even, d + 1 = 21 for some I, then put I + 1 copies of -61,3,1 to the 
left of Tfi i, starting at the origin. Finally, add a copy of Tj^i. 

(2) If c? + 1 is odd, d -I- 1 = 2/ -I- 1 for some I, then put one copy of i32,3,i and 
I — 1 copies of i?i,3,i to the left of T^^i. Finally, add another copy of T2_i. 

This is illustrated in Figure [9) 



d,1 




d,1 



<* * , 




d even d odd 

Figure 9. Induction step for (*, 1) 



To complete the induction, since T^^i is defective, we need a non-defective picture 
for (7, 1). We can construct this by using two copies of T2.1, a box i3i,3,i and the 
block i?2,2.i (at the origin) from Figure 4(d) 
together as in Figure [TO] below. 



The remaining vertices are grouped 



partitioning (7,1 



missing part 
{view from above) 




Figure 10. Obtaining Ty^i 



6.2. The cases where e — 2. Figures ll(a)pT(i) lay the basis for the induction 
over d. Note that Tq^2 is the first among the pictures whose number of vertices is 
divisible by 4. To finish the induction, we need to construct a non-defective picture 
for {d + 8,2) from Tii 2- First of all, move T112 eight positions to the right. Then 
proceed as follows: 
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(a) ri,2 (b) T2,2; defective 



(c) T3 . 



(d) T4,2 



partitioning (6,2) 



partitioning (5,2) 




missing part: 
(view from above) 

(e) 76,2 




partitioning (7,2) 



missing part 




(g) T7,2 




V 




missing part: 

(view from above) *^ | 

(f) ^6,2 

partitioning (8,2) missing part: 




(h) Ts,2 



partitioning (10,2) 



missing part: 



(i) Tio,; 



Figure 11. Induction basis for (*,2). 
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(1) If d is odd, d = 21 + 1 for some I > 0, put I pairs of Si, 3, 2 to the right of 
Td,2 (starting at the origin), then two copies of -62,3,2, and finally a copy of 

26,2- 

(2) If d is even, d — 21 for some I > 0, put I + 1 pairs of i?i,3.2 starting at the 
origin. Finish off with one copy of T@^2- 

This is illustrated in Figure [T2| 




d even - 



Figure 12. Induction step for (*,2) 



6.3. The cases where e = 3. Here the induction over d is easier since every Td^3 
has its number of vertices divisible by 4. Figures 13(a) and |13(b)] lay the basis of 
the induction (the latter just consists of two copies of 72. i)- Now we show that 
from a non-defective Td^s with d odd one can construct non-defective T'ci+2,3 and 
Td+3,3- Write d= 21 + 1, and proceed as follows. 

(1) Move T2i+i.3 two positions to the right. Put a block -B2;+i.i,3 at the origin, 
and conclude with a copy of Ti ^. This gives T'2;+3,3. 

(2) Move T2;+i^3 three steps to the right. Put a block i?2i+i,2.3 at the origin, 
and conclude with a copy of r2_3. 

For d = 3 this is illustrated in Figure [14] 



6.4. The cases where e = 4. Figures 15(a)p5(i) lay the basis of the induction. 
The induction step is identical to that where e = 2, except that the blocks i?i,3.2 
and i?2.3,2 have to be replaced by the blocks -61,3.4 and -62.3,4, and Tg ^ has to be 
replaced by Tq ^. 



(a) T1.3 (b) T2,3 



Figure 13. Induction basis for (*,3) 
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Figure 14. Induction steps from Ta^a 



6.5. Induction over e. From a non-defective picture for {d, e) we can construct 
a non-defective picture for (d, e H- 4) by stacking a non-defective picture for (d, 3), 
whose number of vertices is divisible by 4, on top of it. This settles all (d, e) except 
for those that are modulo (0, 4) equal to the defective (3, 1) or (2, 2). The latter are 
easily handled, though: stacking copies of r2,i on top of r2,2 gives pictures for all 
(2, e) with e even that are defective but give the correct, known, secant dimensions. 
So to finish our proof of Theorem |1.3| we only need the non-defective picture for 



(3, 5) of Figure 16 



7. Secant dimensions of the point-line flag variety T 

In this section, X ^ J-, G ^ SL3, and the highest weight A equals mwi -I- nu!2 
with m,n > 0. We first argue that (m, n) = (1, 1) and (m, n) = (2, 2) yield defective 
embeddings of T. The first weight is the adjoint weight, so the cone Ci.i over the 
image of J- is just the set of rank-one, trace-zero matrices in SI3, whose secant 
dimensions are well known. For the second weight let C2,2 be the image of Ci.i 
under the map 0I3 S^{5l3),v 1-^ v"^. Then C2,2 spans the SLa-submodule (of 
codimension 9) in ^^(sla) of highest weight 2u}i + 2^2, while it is contained in the 
quadratic Veronese embedding of 5(3. Viewing the elements of 5*^(5(3) as symmetric 
8 X 8-matrices, we find that C2.2 consists of rank 1 matrices, while it is not hard 
to prove that the module it spans contains matrices of full rank 8. Hence 7C2,2 
cannot fill the space. 

For the non-defective proofs let ai,Q!2 be the simple positive roots, so that 
X{u) — {(3i,P2,03} with /?! = —ai, [32 = —cti — ct2 and (i^ — —a2- The subscripts 
indicate the order in which the PBW- monomials are computed: for r = (ni, n2, n^i) 
we write to,. := X]^^ X".^ Xf.^'vx. Set 

B := {(ni, n2, n^) ^ "L^ \ Q < n2 < m,Q < n^, < and < ni < m + — n2}, 

and let M be the set of all r e N^'"-' with to^ 7^ 0. We will not need M explicitly; 
it suffices to observe that < n for all r £ M: indeed, if r3 > n then X^^^vx 
is already 0, hence so is to^. We use the following consequence of the theory of 
canonical basis; see [6l Example 10, Lemma 11]. 

Lemma 7.1. The nib, b G B form a basis of V . 
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(a) Ti,4 (b) T2,4; defective (c) ^3,4 

partitioning (5,4) 




(d) 



partitioning (6,4) 



% % r 



missing part: 



-A 



(f) Te,4 



partitioning (8,4) 



T 



• • • ^ *i 

• m . % ' 

^ ^ ; missing part: ° 



(h) T8,4 



missing part: 



o o 

o o 

N *^ — 

• • 

o o 



t • 

% — " 



(e) n,' 



partitioning (7,4) 



• m '% -' missing part: T, * - 



(g) 



partitioning (10,4) 



missing part: 



(i) ^10,4 
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Figure 16. T35 



Remark 7.2. The map (ni, 77.2, 713) 1—^ (ni, n — n^, m — 712) sends the set B, which 
corresponds on the highest weight {m,n), to the set corresponding to the highest 
weight (n,m). Hence if we have a non-defective picture for one, then we also have 
a non-defective picture for the other. We will use this fact occasionally. 



We want to apply Lemma 
weight if and only if r 



2.4 



First note that r, r' e M'^*^"^ = M.^ have the same 
r' is a scalar multiple of z :— (1, —1, 1). We set r < r' if 



and only if r — r' is a positive scalar multiple of z. 

Lemma 7.3. For all r £ M\B and all b d B with £^{b) = £_{r) we have b < r, i.e., 
the difference b ~ r is a positive scalar multiple of z. 

Proof. Suppose that b — (77,1,77,2,713) G B and that 77,3 < n. Then the defining 
inequalities of B show that b+ z = (711 + 1,77,2 — 1,77,3 + 1) also lies in B. This shows 
that B is a lower ideal in (M, <), i.e., if 6 G B and r G M with r < b, then also 
r € B. This readily implies the lemma. □ 

Proposition 7.4. YP{B, k) is a lower bound on dim/cC for all k. 



Proof. This follows immediately from Lemma |2.4| and Lemma |7. 3| when we take for 
Z the one-dimensional cone M>o ■ z. □ 

In what follows we will assume that m > n when convenient. We first prove, 
by induction over m non-defectiveness for {m, 1) and (m, 2), and then do induction 
over n to conclude the proof. Figure 18(a) for {m, n) — (1,1) is not non-defective, 
reflecting that the adjoint minimal orbit — the cone over which is the cone of 3 x 3- 
matrices with trace and rank < 1 — is defective. Figure 17(a)[ however, shows 
a non-defective picture for (2,1), and from this picture one can construct non- 
defective pictures for (2 + 2fc, 1) by putting it to the right of k pictures, each of 
which consists of cubes and a single tetrahedron; Figure |17(b)| illustrates this for 
the step f rom (2 , 1) to (2 + 2, 1). 

Figure [18(b)] shows a non-defective picture for (3,1), and Figure 18(c)| a non- 
defective picture for (5, 1). From these we can construct non-defective pictures for 
(3 + 4fc, 1) and (5 + Ak, 1), respectively, by putting them to the right of k pictures, 
each of which consists of a few cubes plus a non-defective picture for (3, 1) — Figure 
|18(d) I illustrates this for the step from (3, 1) to (7, 1). This settles (77, 1). 
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1^ ^■ — I 




(a) (2,1) 



(b) (2 + 2k,l) 



Figure 17. Pictures for (even, 1). 



Figure 19(a) is defective: it reflects the fact that the 7-th secant variety of X 
in the (2, 2)-enibedding has defect 1. Figure |19(b)| gives a non-defective picture 
for (3,2). Note that two non-standard cells Bi are used here; this is because we 
will need this picture in the picture for (6,6). Figure [19(c) gives a non-defective 
picture for (4, 2). One can construct a non-defective picture for (5, 2) based on the 
former, and a non-defective picture for (7,2) based on that for (4,2); see Figure 
|19(d)| and Figure |19(f)[ In the latter picture, one should fill in one copy of our 
earlier non-defective picture for x x P^ in its (3, 2, 2)-embedding. Figure 19(e) 



gives a non-defective picture for (6,2), based on that for (4,2). A single cell Bi 
is non-standard, again for later use in the picture for (6,6). Similarly, one can 
construct pictures for (8,2) and (10,2) — which are left out here because they take 
too much space. 

Finally, from a non-defective picture for (m, 2) (with m = 1 or to > 3) one can 
construct a non-defective picture for (to -1-8,2) by inserting a picture consisting of 
a non-defective picture for (7, 2) and our non-defective picture for a (7, to, 2)-block 
from the discussion of P^ x P^ x P^ in front — Figure 19(g) illustrates this for to = 1. 
This settles the cases where m > n = 2. 

Now all cases where at least one of m and n is odd can also be settled. Indeed, 
suppose that m,n >3 and that m is odd. Write n+1 = 2g+ (r + 1) with r G {1,2}. 
Then we can construct a non-defective picture for (m, n) by taking our non-defective 
picture for (to, r) and succesively stacking q non-defective pictures of two layers on 
top, each of which pictures with a number of vertices divisible by 4. These layers 
can be constructed as follows: the i-th layer consists of our non-defective picture for 
P^ xP^ xP^ with parameters (r-|-2i — 2, to, 1) (lying against the (n2, n3)-plane) and 
a non-defective picture for with parameters (to, 1). As to is odd, each of these 
two blocks has a number of vertices divisible by 4. This construction is illustrated 
for TO = 3 and n = 4 in Figure |20[ where one extra layer is put on top of the 
"ground layer" . 
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(a) (1,1); 
defective 



(b) (3,1) 



(c) (5,1) 



(d) (3 + 4A:,l) 



Figure 18. Pictures for (odd, 1) 



Only the cases remain where m and n are both even. We first argue that we 
can now reduce the discussion to a finite problem: if m > 7 and n > 2, then 
we can compose a non-defective picture for (m, n) from one non-defective picture 



for (7,n) (which exists by the above), one non-defective 



X 



-picture for 



(7, m — 8, n) (both of these have numbers of vertices divisible by 4), and one non- 
defective picture for (m — 8,n) — if such a picture exists. Hence we may assume 
that TO < 7. Similarly, by using Remark |7.2| we may assume that n < 7. Using that 
TO, n are even, and that to, n > 2 (which we have already dealt with), we find that 
only (4, 4), (4, 6) (or (6, 4)), and (6, 6) need to be settled — as done in Figures 21(a) - 
21(c) The picture for (4,6) uses our picture for the Segre- Veronese embedding of 
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Figure 19. Pictures for (*,2) 
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(2,3,1) 




Figure 20. Construction for m or n odd. 



X X P^ of degree (5,1,4). The picture for (6,6) is built from a picture for 
pi X pi X pi of weight (3,2,6), and pictures for T of weights (2,6) and (3,6); the 
latter picture, in turn, can be constructed as outlined above, except that, in order 
to line up the single edge in (3,6) and the single vertex in (2,6), the order of the 
building blocks for (3, 6) is altered: the JF-picture for (3, 2) comes on top, next to 
a (P^)^ picture for (3,3, 1), and under these an JF-picture for (3,3). This concludes 
the proof of Theorem |1.4[ 
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